In this paper we show that there do not exist any real hypersurfaces in a complex two dimensional Grassmannians G2(C" +2 ) with parallel shape operator.
INTRODUCTION
In the geometry of real hypersurfaces in complex space form M n (c) or in quaternionic space forms it can be easily checked that there do not exist any real hypersurfaces with parallel shape operator A by virture of the equation of Codazzi.
Prom this point of a view many differential geometers have considered a much more weaker notion such as a parallel second fundamental form, that is, VA = 0. In particular, Kimura and Maeda [5] have proved that a real hypersurface M in a complex projective space CP m satisfying V$A -0 is locally congruent to a real hypersurface of type Ai, A 2 , that is, a tube over a totally geodesic complex submanifold CP k .with radius 0 < r < TT/2. The structure vector field £ mentioned above is defined by £ = -JN, where J denotes a Kahler structure of CP m and N a local unit normal field of M in CP m . Moreover, in a class of Hopf hypersurfaces Kimura [4] has asserted that there do not exist any real hypersurfaces with parallel Ricci tensor, that is VS = 0, where 5 denotes the Ricci tensor of a real hypersurface M in CP m .
On the other hand, in a quaternionic projective space QP m Perez [6] has considered the notion of V^A -0, i = 1,2,3, for real hypersurfaces in QP m and proved that M is locally congruent to a hypersurface of A\, A2 -type, that is, a tube over QP k with radius 0 < r < n/4. The almost contact structure vector fields {^1,^21^3} are defined by & = -JiN, i = 1,2,3, where Ji denotes a quaternionic Kahler structure of QP m and N a unit normal field of M in QP m . Moreover, Perez and the present author [7] have considered the notion of V^i? = 0, i = 1,2,3, where R denotes the curvature tensor of a real hypersurface M in QP m , and proved that M is locally congruent to a tube of radius TT/4 over QP k . 494 Y.J. Suh [2] Now let us denote by G 2 ( C m + 2 ) the set of all complex 2-dimensional linear subspace of C m + 2 . Then the situation mentioned above is not so simple if we consider a real hypersurface in such a 2-dimensional complex Grassmannian G2(C 7 n + 2 ).
In this paper we study the analogous question in the complex Grassmann manifold (?2(C m + 2 ) of all two-dimensional linear subspaces in C m + 2 . This Riemannian symmetric space has a remarkable geometrical structure. It is the unique compact irreducible Riemannian manifold being equipped with both a Kahler structure J and a quaternionic Kahler structure 3 not containing J. In the proof of Theorem A we have proved that the one-dimensional distribution [£] is contained in either the 3-dimensional distribution 33
x or in the orthogonal com-
The case (2) in Theorem A is just the case that the one dimensional distribution [£] is contained in 33 X . Of course it is not difficult to check that the second fundamental form of any real hypersurfaces given in Theorem A is not parallel. Then it must be natural question to know that whether real hypersurfaces in G2(C m + 2 ) whose second fundamental form is parallel can exist or not?
The main result of this paper is to prove the non-existence of all real hypersurfaces in G2(C m + 2 ) with parallel second fundamental tensor in the following theorem.
THEOREM. There do not exist any real hypersurface M in G2(C m + 2 ) with parallel second fundamental form, that is, VA = 0.
In Section 2 we recall the Riemannian geometry of two dimensional complex Grassmannian G 2 ( C m + 2 ) , and in Section 3 we shall show some fundamental properties of real hypersurfaces in G 2 ( C m + 2 ) . The equation of Codazzi will be proved explicitly in this section. In Section 4 we will give a complete proof of the main Theorem given in the introduction.
The proof of our main Theorem also works for the more general case of Codazzi hypersurfaces, that is, for hypersurfaces whose shape operator is a Codazzi tensor, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S000497270003728X [3] Hypersurfaces in complex two-plane Grassmannians 495 which means that the covariant derivative of the shape operator is symmetric in all its variables.
In this section we summarise basic material about G 2 (C m + 2 ), for details we refer to [1, 2, 3] . By G 2 (C m+2 ) we denote the set of all complex two-dimensional linear subspaces in C m + 2 . The special unitary group G = SU(m + 2) acts transitively on
2 ) can be identified with the homogeneous space G/K, which we equip with the unique analytic structure for which the natural action of G on G2(C m+2 ) becomes analytic. Denote by g and £ the Lie algebra of G and K, respectively, and by m the orthogonal complement of C in g with respect to the Cartan-Killing form B of j . Then g = t © tn is an Ad{K) -invariant reductive decomposition of g. We put o = eK and identify T o G 2 (C m+2 ) with m in the usual manner. Since B is negative definite on Q , its negative restricted to tn x m yields a positive definite inner product on m. By Ad(K) -invariance of B this inner product can be extended to a G -invariant Riemannian metric g on G2(C m+2 ). In this way G2(C m+2 ) becomes a Riemannian homogeneous space, even a Riemannian symmetric space. For computational reasons we normalise g such that the maximal sectional curvature of (G 2 (C m+2 ),<7) is eight. Since G 2 (C 3 ) is isometric to the three-dimensional complex projective space CP 3 with constant holomorphic sectional curvature eight we shall assume rn ^ 2 from now on. Note that the isomorphism Spin(6) ~ SU(4) yields an isometry between G2(C 4 ) and the real Grassmann manifold Gj (K 6 ) of oriented two-dimensional linear subspaces of K 6 .
The Lie algebra I has the direct sum decomposition t = su(m) ©su(2) 091, where 9t is the centre of 6. Viewing 6 as the holonomy algebra of G2(C m+2 ), the centre 0\ induces a Kahler structure J and the su(2)-part a quaternionic Kahler structure 0 on G2(C m+2 ). If Ji is any almost Hermitian structure in 3, then JJi -J\J, and JJi is a symmetric endomorphism with {JJ\) 2 = I and tr(JJ\) = 0. This fact will be used frequently throughout this paper. for all vector fields X on G 2 ( C m + 2 ) . Also this fact will be used frequently. the orthogonal complement of 9J in Zp is taken with respect to the bundle metric and orientation on Z for which any local oriented orthonormal frame field of Z is a canonical local basis of Z-A quaternionic (respectively, totally complex) submanifold of G2 ( C m + 2 ) is a submanifold all of whose tangent spaces are quaternionic (respectively, totally complex) subspaces of the corresponding tangent spaces of G 2 ( C m + 2 ) .
The Riemannian curvature tensor R of G2(C m + 2 ) is locally given by
R(X, Y)Z = g(Y, Z)X -g(X, Z)Y + g(JY, Z)JX -g(JX, Z)JY -2g(JX, Y)JZ J»X, Y)J V Z) Y, Z)J V JX -g{J v JX, Z)J V JY),
where Ji,J2, J3 is any canonical local basis of 3- We shall now derive some basic equations involving the elements in these almost contact metric structures. First of all, from the identity J 
g(<f> v t,X) --g{t,<t> v X) = -r)(<t> v X) = -r, v (<j>X) = -gfo,<f>X) = g(^v,X)
, and hence we assert 
= JV X Y + g(AX, Y)JN + ri(V x Y)N -g(AX,
On the other hand, using the Weingarten formula, we obtain
-g(4>AX,Y)N+ (X • V (Y))N -r,(Y)AX .
Comparing the tangential and normal components of the previous two equations leads to In addition to these equalities we have the well-known equations of Gauss and Codazzi. For us only the Codazzi equation will be relevant. Using the explicit expression for the Riemannian curvature tensor R of G? (C m+2 ) the Codazzi equation takes the following form. [7] Hypersurfaces in complex two-plane Grassmannians 499 This makes a contradiction. So we are able to assert the complete proof of our Main Theorem given in the introduction. D
